American-Asian options are average-price options that allow early exercise. In this paper, we first derive structural properties of the optimal exercise policy for these call options in a general setting. In particular, we show that the optimal policy is a threshold policy: the option should be exercised as soon as the average asset price reaches a characterized threshold, which can be written as a function of asset price at that time. After further characterizing the exercise boundary, we parameterize it, and then derive gradient estimators with respect to the parameters of the model. Implementing these estimators in an iterative gradient-based stochastic approximation algorithm, we approximate the optimal exercise boundary and consequently obtain an estimate for the price of the American-Asian option. Numerical experiments carried out indicate that the algorithm performs extremely well.
Introduction
Asian options are derivative securities with payoffs that depend on the average of an underlying asset price over some specified period. Because of their relatively small exposure to risk, they have become one of the most popular exotic options traded over the counter. The purposes of our paper are to establish rigorously a characterization of the optimal exercise policy for American-Asian options 2 and to develop a Monte Carlo simulation-based method to efficiently price such options.
Sections 2.5-2.7 of Karatzas and Shreve (1998) provide a fairly comprehensive survey on the properties of the early exercise boundaries for ordinary "vanilla" American options; however, "exotic" American-Asian options are not considered there. These options differ from ordinary American options in many aspects. First, since their payoff is a function of the average asset price, the payoff upon exercise depends on the price path of the asset, rather than only the asset price at the exercise date. Second, at any exercisable date, the asset price remains influential in determining the early exercise decision. This interplay between the current asset price and the average stock price makes the analysis of American-Asian options more complicated. To the best of our knowledge, no rigorous mathematical proof establishing the structure of the optimal exercise policy for American-Asian options exists, 3 although Grant, Vora and Weeks (1997) provide plausible heuristic arguments for the form of the optimal exercise boundary.
Assuming the asset price evolves according to a Markovian model in a quite general setting, and under some mild conditions, we show rigorously that the optimal exercise policy for a fixed strike American-Asian call option is a threshold policy: the option should be exercised as soon as the average asset price reaches a characterized threshold, which can be written as a function of the asset price at that time. Furthermore, we prove that the threshold level is a nondecreasing and unbounded function of the asset price at that time, and for a large class of models the threshold level is also convex.
based on simulated paths and lead to biased high estimators and biased low estimators that converge to the true value in the appropriate limit. Unfortunately, since it is difficult to find the transition probability density function for American-Asian options, the stochastic mesh method (Broadie and Glasserman 1998) does not appear applicable to American-Asian options. Although one can extend the simulated tree method (Broadie and Glasserman 1997a) to American-Asian options, a large number of simulated trees need to be generated in order to get an accurate option value, which is impractical from the perspective of computation costs.
Our simulation-based approach to value American-Asian options parameterizes the exercise boundary and maximizes the expected discounted payoff with respect to the early exercise threshold parameters. Similar ideas were also used in Fu and Hu (1995) to price American call options. The most difficult and challenging part of the approach is to find a good gradient estimator for American-Asian options, a task that seems much more complicated than that for ordinary American options (Fu, Wu, Gürkan and Demir 2000) . We derive the gradients with respect to associated parameters via perturbation analysis (PA)(Ho and Cao 1991, Glasserman 1991, Fu and Hu 1997), a sample path method for gradient estimation. Then we incorporate the PA estimators into a stochastic approximation algorithm to estimate the optimal threshold parameters and consequently obtain an estimate for the option price. The procedure is illustrated on the examples from Grant, Vora and Weeks (1997), for which numerical results indicate that our approach is more efficient than the algorithm proposed there.
In sum, our work contributes to the research stream on pricing American-Asian options in significant ways:
• We provide rigorous proofs establishing various structural properties of the optimal exercise policy (in a Markovian setting much more general than geometric Brownian motion).
• We derive gradient estimators that can be used for obtaining sensitivities with respect to parameters of the model.
• We propose a computationally efficient simulation-based pricing method that applies to more general settings than other numerical methods.
The rest of the paper is organized as follows. Section 2 describes the problem setting.
Section 3 establishes the various structural properties for the optimal exercise policy. The perturbation analysis estimators are derived in Section 4. In Section 5, we parameterize the exercise boundary, simplify the estimators derived in the previous section, and provide the simulation-based valuation algorithm, which is tested on some numerical examples in Section 6. Section 7 contains concluding remarks.
Problem Setting
We begin by introducing the following notation to be used throughout:
S t = asset price at time t, r = annualized riskless interest rate (compounded continuously), σ = volatility of the underlying asset, K = strike price of the option contract, T = expiration date of the option contract.
For ease of exposition, r, σ and K will be assumed constant. If r and σ are stochastic, they can also be easily incorporated into our context. We are without loss of generality designating the present time as time 0. All economic activity will be assumed to take place on a finite horizon T .
We consider an arithmetic American-Asian option. In practice, it can be difficult to calculate the average of an asset price from its complete time series: prices can change every 30 seconds or so, with the occasional misquotation of prices. Thus we consider the discretely sampled average case where average is to be calculated from a small subset of the complete times series for the asset price, e.g., the average over the daily closing prices.
Throughout, we assume averaging starts at time t 0 and ∆t is the equally spaced interval between the averaging dates. For notational convenience, suppose T = t 0 + (N − 1)∆t, so there are N price average dates through the lifetime of the option if held to expiration. Define
A as the set of all average dates, i.e., A = {t 0 , t 0 + ∆t, t 0 + 2∆t, ..., t 0 + (N − 2)∆t, T }. To be general, suppose the option can be exercised at time t i , i = 1, 2, ...η(T ), η(T ) + 1, and denote the set as E = {t i , i = 1, 2, ...η(T ) + 1}. Note that E ⊆ A. If E = A, then the option can be exercised at any price averaging date. For notational convenience we also denote t η(T )+1 = T , so there are η(T ) early exercisable dates for the American-Asian option (see Figure 1 ). For any t ∈ A, define n t as the number of averaging dates up to and including time t.
We consider the asset price process {S t } that evolves in the positive real state space, defined on a probability space (Ω, F , P ). Throughout, {S t } is assumed to be Markovian. We define the stopping time to be a random variable τ that takes values in E. We assume that the market is arbitrage free, so that by the fundamental theorem in finance (e.g., Karatzas and Shreve 1998), there exists an equivalent martingale measure Q such that e −rt S t is a martingale under the measure Q. Note that the payoff of the American-Asian call option at time t ∈ E is given by (
, where S t as the average price up to and including time t, i.e.,
Since the stock price process {S t } is Markovian, the future stock price path {S t } t >t only depends on the current stock price S t . Therefore, the value at time t ∈ E of the AmericanAsian call option is the supremum over all stopping times τ ≥ t of the expected discounted payoff of the option under Q:
Throughout, all expectations will be taken under the Q measure, so for ease of notation, the superscript Q will be omitted. 
Structure of Optimal Exercise Policy
In this section, we will characterize the structure of the optimal exercise policy for the American-Asian call option. Analogous ideas can be used for a discussion of the AmericanAsian put option.
Write ψ(x) = (x − K) + . Then the payoff upon exercise at time t ∈ E with the average asset price S t is given by ψ(S t ). Let c(x, y, t) be the continuation value for the option at time t ∈ E, given current average asset price S t = x and current asset price S t = y. Then we have
where the supremum is taken over all stopping times τ > t, instead of τ ≥ t. One may also write the option value at time t, given by (1), as max c(S t , S t , t), ψ(S t ) . Since it is optimal to exercise the option whenever the payoff upon exercise is not less than the continuation value, the exercise region at exercise point t ∈ E, R * , can be characterized by
First we have the following result:
Lemma 1
For any x, y, > 0, t ∈ E, we have
Proof: For any stopping time τ > t, we have
where we have used the fact {S t } is a Markov process. Taking the supremum over all stopping times τ > t yields
c(x, y, t) ≤ c(x + , y, t).
Conversely, for any stopping time τ > t, we also have 
Proof: At the expiration date T , the option will be exercised as long as S T ≥ K, so the threshold policy follows for the terminal case. Now we consider t < T case. For any fixed S t = y at time t ∈ E(t = T ), we can always find a value x such that
c(x, y, t) ≤ ψ(x).
To see this, first we note that for any time t ∈ E with t > t, we have
where the first inequality follows from n t ≥ n t + 1 and second inequality follows from the martingale property of e −rt S t . Suppose t i is the next exercisable date after time t. So for any stopping time τ > t, we have
where the last inequality results from (2) . We can denote the bound as
which is independent of stopping times τ > t.
where the first inequality follows from (a + b) + ≤ a + + b for any b > 0, the second inequality follows from (3) and n τ ≥ n t + 1, and the last line follows from the choice of x. Taking the supremum over all stopping times leads to c(x, y, t) ≤ ψ(x), so that the set over which F * t (y) is defined is non-empty:
By definition of F * t (y), there exists a decreasing sequence x t,k that approaches F * t (S t ) such that x t,k ≥ F * t (y) and c(x t,k , y, t) ≤ ψ(x t,k ) for every k . By the continuity of c(., y, t) for the first variable (from Lemma 1) and ψ(.), we know that
i.e., the infimum is attainable and well defined. Therefore, it suffices to show that
for any > 0, which means that it is optimal to exercise the option at time t if the asset price is S t = y and average asset price is S t = F * t (y) + . Using (4), we can write
where the last line follows from Lemma 1. Since
establishing (5) and concluding the proof.
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Remark: If we define τ = inf t : S t ≥ F * t (S t ) ∧ T (∧ denotes the minimum operator), then from Theorem 1 we know that τ is an optimal stopping time. So the results from Theorem 1 imply the existence of an optimal stopping time.
Next we will show that F * t (·) is nondecreasing. In order to show this, we will make a mild assumption on the model of the underlying asset. Examples are also provided.
Assumption 1 If y
1 > y 2 , then c(x, y 1 , t) ≥ c(x, y 2 ,
t).
Intuitively, Assumption 1 means that for the same current running average at any fixed time, a higher current asset price cannot lead to a lower call option value.
Definition 1: An asset price model is multiplicative if it can be represented by the form
for any t > t, where X t,t is a random variable independent of all {S u , u ≤ t} and only a function of quantities defined on [t, t ].
Intuitively, if the price of the stock at time t doubles, then the stock price at time t would double. For example, geometric Brownian motion model falls into this category:
where Z is a N(0, 1) random variable. 
where the inequality follows from y 1 > y 2 and the fact that a
Taking the supremum with respect to all stopping times τ > t yields the result of Assumption 1.
Theorem 2 If Assumption 1 holds, F * t (·) is nondecreasing.
Proof: Suppose on the contrary that the opposite is true. Then there would exist a pair of prices y 1 and y 2 with y 1 < y 2 , such that
Then it follows from Theorem 1 that the option will not be exercised at time t if the asset price is S t = y 1 and the average asset price is
On the other hand, by the definition of F * t (.), we know
Since y 2 > y 1 , by Assumption 1, we have
Combining (8) and (9) leads to a contradition of (7).
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Theorem 3 For any t ∈ E(t
Suppose, on the contrary that F * t (·) is bounded, i.e., there exists a constant M t , such that
should also be bounded, so it suffices to show the contradiction that c(F * t (y), y, t) → ∞ as y → ∞. Suppose t i is the next exercisable date after time t and consider τ = t i , a fixed stopping time. Then we have
where the second inequality follows from Jensen's inequality and the last equation results from the martingale property of e −rt S t . It is easy to see that as y → ∞, the right hand side of (10) goes to infinity, so c(F * t (y), y, t) → ∞ .
Theorem 4 If the asset price model is multiplicative or additive, then F * t (.) is convex. Proof:
We provide the detailed proof only for the multiplicative case. The proof for the additive case is essentially identical, with the additive relationship substituted in the appropriate places. For y 2 < y 1 , we will show that
for any α ∈ (0, 1). Write y = αy 1 + (1 − α)y 2 . By Theorem 1. It suffices to show that
because (12) is the exercise condition for an option at time t with asset price S t = y and average asset price S t = αF *
, which by Theorem 1 is equivalent to the condition S t = αF *
Now let τ * (> t) be the optimal stopping time for the state with average asset price S t = αF * t (y 1 ) + (1 − α)F * t (y 2 ) and asset price S t = y at time t. Then we have
where the first inequality follows from (a + b)
Remark: For geometric Brownian motion (6), which is multiplicative, F * t (.) is convex.
Derivation of the Perturbation Analysis Estimators
Motivation
Our final purpose is to parameterize the early exercise boundary and to formulate the optimal stopping problem as the following optimization problem:
where
payoff of an American-Asian option, Θ a compact set in R p , and ω an element in the probability space of interest, e.g., a sample path in simulation. We will apply stochastic approximation (e.g., Kushner and Yin 1997) to the above optimization problem. Basically, we attempt to find the solution to (13) by mimicking steepest-decent algorithms from the deterministic domain of non-linear programming using the following iterative search scheme:
where θ n = ((θ n ) 1 , ..., (θ n ) p ) represents the nth iterate,ĝ n represents an estimate of the gradient of E[L] with respect to the parameter vector θ at θ n , {a n } is a positive sequence of numbers converging to 0, and Π Θ denotes a projection on Θ. In order to implement the algorithm, the key feature is the availability of a gradient estimate, which could either be a direct estimate or a finite difference estimate. However, a direct estimate generally will provide a superior convergence rate. Next, we derive such a direct gradient estimator via perturbation analysis (PA) (Ho and Cao 1991, Glasserman 1991, Fu and Hu 1997).
Derivation
In order to derive the PA estimators, we assume that F t (.) is convex for any t ∈ E, where F t (.) can be F * t (.) or an approximate form of F * t (.). As demonstrated in the previous section, convexity holds for a large class of stock price models, including geometric Brownian motion.
In fact, we can also use the ideas presented here to derive the PA estimators for the case where F t (.) is concave. For ease of notation, write F i (.) = F t i (.) and n i = n t i for t i ∈ E. Note that
. First we have
Lemma 2 If F i (.) is convex, assuming that S t i −∆t = z fixed and
then we can always find L i (.) and U i (.) such that
where L i and U i may take on the values 0 + and +∞, respectively, with the subscript notation x − and x + denoting the corresponding respective left-hand and right-hand limits.
Proof: Note that F i (.) is nondecreasing, and
is a straight line as a function of y with slope (ii) If the straight line intersects with v = F i (y) at only one point y 1 , but it is not tangent to the curve, then either Figure 2) . If the line is tangent to the curve, we have (iii) If the equation
has two solutions y 1 and y 2 with y 1 < y 2 , by the convexity of F i (·) (see Figure 3) , we have
(iv) If the equation (16) has more than two solutions, let
Choose a solution between y 1 and y 2 , denoted by y. It is easy to find the α(0 < α < 1), such
Therefore, we have
i.e.,
which implies that (y 1 , F i (y 1 )) , (y, F i (y)) and (y 2 , F i (y 2 )) lie on a straight line. From the convexity of F i (.), we must have
for all y ∈ [y 1 , y 2 ] . Thus we may choose
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Remark: In Lemma 2, we assume (15) holds. Actually, if it is empty, we may have L i (z) =
U i (z) = constant. It will not affect our derivation of PA estimator, since the integral on any set with measure zero is zero. Now we will derive the PA estimator. Since {S t } is Markovian, we assume the asset price dynamics follows the form
S t = h(Z; S 0 , t, r, σ)
for some random variable Z independent of the parameters and initial stock price S 0 . In particular,
for any t ∈ A, with independent Z t+∆t ∼ f , the appropriate probability density function. We also assume that h is monotone in the first variable. Note our derivation could admit different forms of h and f for different t; however, for ease of exposition, we assume the same form for all t. Also, for notational convenience, we will also henceforth omit explicit dependence on r and σ in the display of function h. For the geometric Brownian motion model (6), h is given by h(Z; S, t) = Se
where Z is standard N(0, 1) random variable with density function f(
First we give a derivation of the PA estimator for η(T ) = 2, for which the sample performance is given by
Recall that F i , i = 1, 2, are used to characterize the threshold levels and depend on some parameters of interest. Furthermore, they are nondecreasing functions. Taking the expectation of the first term of L given by (18), we have
Note that here L 1 (.) and U 1 (.), which are defined in Lemma 2, are dependent on the parameters of interest and
Intuitively, this implies that the option will be exercised at time t 1 if and only if the asset price at time t 1 doesn't pull downward or upward the average asset price too much. Specific derivation of L 1 (.) and U 1 (.) will be seen more clearly from the example given in the next section. Differentiating (19) and assuming an interchange of differentiation and expectation, we have
For the second term of L given by (18), we have
where L 2 (.) and U 2 (.) are defined in Lemma 2. Therefore, we have
Similarly for the third term of L given by (18), we have
Combining all these results, we obtain the PA estimator for η(T ) = 2 case:
For general η(T ) case, the sample performance is then given by
Using the illustrated ideas, we can derive the PA estimator for general η(T ) case as follows:
Parameterization of Early Exercise Boundary
There are many ways to parameterize the exercise boundary. Here we consider a linear approximation of the exercise boundary, as in Grant, Vora and Weeks (1997). For other forms of the exercise boundary, similar ideas could be followed to simplify the PA estimators derived in Section 4. For the call option considered, the exercise region is taken as follows (see Figure   4 ):
i.e., we approximate the exercise boundary at t i by a piecewise linear function:
where s i , v i are parameters to be estimated such that they maximize the expected payoff of the option. Now we will proceed to find L i (.) and U i (.) from the exercise conditions:
Actually the exercise conditions can be rewritten as: Therefore, the option is exercised at time t i if and only if
Note that
. So the above exercise condition can be simplified as
. In this case, L i and U i can be taken as
. In this case the option can be exercised if and only if S t i = s i − v i . This is a trivial case, where
Note that in the second case, those terms in the PA estimators (20) that are directly related to L i (.) and U i (.) cancel each other. Furthermore, as indicated in our proof in Lemma 2, it is necessary that L i (.) ≥ 0 + . Therefore, the PA estimators (20) with respect to the threshold parameter θ (θ can be s i or v i ) can be simplied as:
. The last two terms in (20) are zero, because the underlying asset price process is independent of the threshold parameters.
In particular, for geometric Brownian Motion model (17) , the inverse of h is given by
Hence we have
.
So the PA estimator with respect to s i is given by
and that with respect to v i becomes
Numerical Results
We now report numerical results on pricing American-Asian option by incorporating the perturbation analysis estimators into a stochastic approximation algorithm according to (14) .
We considered examples from Grant, Vora and Weeks (1997). Specifically, using the following . The earliest time t 1 for exercise is the end of day 105. In other words, the average includes at least 15 observations of the asset price.
We considered three values for the number of early exercise opportunities: η(T ) = 1, 3 and 5. For the step size sequence, we took the harmonic series, i.e., a n = a/n with a = 50, and decrease the step size only if the gradient direction has changed from the previous iteration. To compare our results with the dynamical programming-based simulation algorithm of Grant, Vora and Weeks (1997), we took their recommended parameter settings in implement-ing their algorithm. In both procedures, option valuation is formulated as a maximization problem with respect to the associated threshold parameters. Therefore, comparison of the algorithms is carried out by estimating the expected discounted payoff at the parameter settings obtained by the corresponding algorithm, where a higher estimate of the option price implies superior performance. To make the comparisons more precise, we ran 2,000,000 simulations after the parameters settings were obtained for each algorithm, in order to accurately estimate the expected option payoff. The results are provided in the Tables 1 and 2 We find that the stochastic approximation algorithm based on the perturbation analysis estimators converges very quickly. With just 10 iterations for each case to compute the associated parameters, we obtain rapid convergence. In most of the cases, the data in the row of 'DIFF' are positive, which means that the option values based on our method are higher than those based on Grant, Vora and Weeks (1997). Furthermore, we use less CPU time to compute the associated threshold levels. In the 5 early exercise opportunity case, PASA typically needs about 0.26 seconds, while DP needs about 0.54 seconds. Figures 5 and 6 provide a typical graphical comparison of the two approaches for the case: σ=0.2, K=100. In these examples, PASA finds better early exercise curves with less computational cost, indicating that our simulation-based approach is very promising.
Conclusions
Our work has illustrated the practical benefits of interplay between theoretical analysis and computational implementation. We first rigorously established various structural properties of optimal exercise policies for American-Asian options. These properties provide a basis for characterizing the form of the exercise boundary at each potential exercise point, so that by parameterizing the exercise boundary, the option valuation can be cast as an optimization problem with parameters. By deriving stochastic gradient estimators, we provide an efficient simulation-based algorithm for pricing these types of options. This algorithm can be used in settings for which Monte Carlo simulation becomes the preferred numerical technique, e.g., problems involving multiple stochastic processes such as interest rates and volatilities.
Furthermore, the results hold for a very broad general of underlying Markovian asset price modles, that of Lévy processes (generated by independent increments). Future directions include a more extensive computational study for this wide range of settings that the work encompasses, and investigation of similar analyses and algorithms for more general optimal stopping problems that frequently occur in financial engineering problems. 
